Abstract. In this article we prove a sufficient condition of quasi-normality in higher dimension for a family of meromorphic mappings in which each pair of functions of family shares some moving hypersurfaces. We also prove a normality criterion concerning shared moving hypersurfaces.
Introduction
While indulging in sequences one needs several notions of convergence.The concept of local convergence of a sequence was introduced by Montel in 1907 . Later in 1912, he introduced the term Normal family for the family satisfying this convergence. In the subsequent paper he came up with the notion of Quasi-normality of a family of functions in one complex variable. A family F of meromorphic functions of a domain D ⊆ C is called quasi-normal if every sequence {f n } of functions in F has a subsequence which converges compactly on D \ E, where the set E has no accumulation points in D. If the set E = ∅ we say F is normal in D [16, 17, 18] . Chuang introduced the notion of Q m −normality as an extension of quasi-normality in complex plane where m is a non-negative integer and it is further studied by Nevo [4, 20, 21] . In several complex variables, the theory of quasi-normality was started by Rutishauser [27] . Extending the work of Rutishauser, Fujimoto introduced the notion of meromorphically normal family of meromorphic maps into P N (C) [8] . In a recent article Ivashkovich and Neji discussed several notions of convergence namely strong convergence, weak convergence and gamma convergence [11] . It is instructive to note here a survey article [6] by Dujardin which relates the currents and quasi-normality.
In one dimension, inspired by the heuristic principle attributed to Bloch, Schwick discovered a connection between normality and shared values [29] . Since then many researchers have given various sufficient conditions of normality using shared values. By definition two functions f and g share a value z if the set of pre-images of z under f and under g are same i.e. f −1 (z) = g −1 (z). To the best of our knowledge there are very few results connecting quasi-normality and sharing values or sharing functions. In this article we prove results connecting shared moving hypersurfaces and quasi-normality, normality (cf. Theorem 2.16 and Theorem 2.21). In the case of several variables, the analogue of sharing values is sharing of moving hypersurfaces. By a moving hypersurface in complex projective space P N (C), we roughly mean any homogeneous polynomial Q over C N +1 such that the coefficients of Q have no common zero. Recently, using results on value distribution theory for moving hyperplanes ( [22, 25, 26] ), the work on normality of families of meromorphic mappings of a domain D in C n into P N (C) concerning moving hypersurfaces or hyperplanes has been initiated by several researches ( [15, 24, 33, 34, 35] ).
Basic notations and main results
First we recall some basic notions. We follow [30, 8, 5] for these notions. We begin with the definition of normal family in several complex variables. Let us denote the set of all continuous maps from D into M by C (D, M) and the set of all holomorphic maps from D into M by Hol (D, M). For families of holomorphic and meromorphic mappings this definition works accordingly.
Definition 2.2 ( [2, 36] ). Let X, Y be complex spaces and F ⊂ C(X, Y ). A sequence {f j } ⊂ F is compactly divergent if for every compact K ⊂ X and for every compact
The notion of quasi-normality in several complex variables is formulated as follows:
into a complete complex Hermitian manifold M is said to be quasi-regular on D if any z ∈ D has a connected neighborhood U with the property that {f j } converges uniformly on compact subsets of U \ E or compactly diverges on U \ E, where E ⊂ U is a proper complex analytic subset of U.
Definition 2.4 ( [6, 8] ). Let F be a family of meromorphic mappings of a domain D in C n into a complete complex Hermitian manifold M. F is said to be a quasi-normal family on D if any sequence in F has a quasi-regular subsequence on D.
Extending the work of Rutishauser, Fujimoto introduced the notion of meromorphic convergence and defined the notion of meromorphically normal families of meromorphic maps into N-dimensional complex projective space [8] . Before recalling the definition of meromorphically normal family let us describe a term namely 'admissible representation' or reduced representation.
• Let D ⊂ C n be a domain and f be a meromorphic map of D into P N (C). For any w ∈ D, f has a representatioñ
on some neighborhood U of w, where f i (0 ≤ i ≤ N) are holomorphic functions on U. We can choose them so as to satisfy the condition
A representation of f satisfying this condition is called an admissible (or reduced) representation of f on U. 
on some neighborhood U of w such that f (p) i converges compactly to holomorphic functions f i (z) on U with the propertỹ
is a representation of f on U, where f i 0 ≡ 0 for some i 0 . In 1975, Zalcman [38] proved a remarkable result, now known as Zalcman's Lemma, for families of meromorphic functions which are not normal in a domain. Roughly speaking, it says that a non-normal family can be rescaled at small scale to obtain a non-constant meromorphic function in the limit. This result of Zalcman gave birth to many new normality criteria. Aladro and Krantz [2] gave an analogue of Zalcman's Renormalization Lemma for families of holomorphic mappings from a hyperbolic domain of C n into complete complex Hermitian manifold M. 
, ζ ∈ C converges uniformly on compact subsets of C to a non-constant entire function g.
They failed to deal with the compactly divergent case of the renormalized map g j (ζ) = f j (z j + ρ j ξ j ζ). This problem was fixed by Thai, Trang and Huong in [31] . In this direction Kumar and Datt proved a renormalisation result on quasinormality [14] . 
satisfies one of the following two assertions:
The sequence {g j } j≥1 converges uniformly on compact subsets of C n to a nonconstant holomorphic map g :
For a compact complex space M the following theorem is immediate corollary of Theorem 2.8. 
converges uniformly on compact subsets of C n to a non-constant entire function g. . Let Q be a moving hypersurface of degree d ≥ 1. Let Q(z) denote the homogeneous polynomial over C N +1 obtained by evaluating the coefficients of Q in a specific point z ∈ D. We notice that for generic z ∈ D this is a non-zero homogeneous polynomial with coefficients in C. The hypersurface H, which is given by
is also called a moving hypersurface in P N (C) which is defined by Q. We identify Q with H if no confusion arises. Definition 2.10. Let Q 1 , . . . , Q q (q ≥ t + 1) be q hypersurfaces in P N (C) and X ⊆ P N (C) be a projective variety (i.e. X consists of all those points at which a finite number of homogeneous polynomials with complex coefficients vanish). We say that hypersurfaces Q 1 , . . . , Q q are located in t-general position with X, if for any 1 ≤ j 0 < . . . < j t ≤ q,
We can also formulate this definition as follows: Let Q 1 , . . . , Q q be q(≥ N + 1) moving hypersurfaces of degree d j in P N (C). We say that these moving hypersurfaces are located in (weakly) general position if there exists z ∈ D such that for any 1 ≤ j 0 < . . . < j N ≤ q, the system of equations
where
We now see the meaning of shared hypersurfaces, which extends the definition of sharing values. Let Q(z)(w) = |I|=d a I (z)w I be a hypersurface in P N (C). Letf = (f 0 : . . . : f n ) be a reduced representation of f . We consider the holomorphic function on D
Definition 2.11. Let f and g be two holomorphic mappings of a domain D into P N (C) and Q be a hypersurface in P N (C). We say f and g share Q on D if f −1 (Q) = g −1 (Q) as sets. In other words, there exist some (thus all) reduced representationsf andg of f and g respectively such that f , Q and g, Q share 0 on D.
on a neighborhood of b, where P m is either identically zero or a homogeneous polynomial of degree m. The number
Remark 2.12. We say that a meromorphic mapping f intersects a hypersurface H with multiplicity at least m on
In 1983, answering a conjecture of Cartan, Nochka proved the following result.
Theorem 2.13 ([22]
). Suppose that q(≥ 2N + 1) hyperplanes H 1 , . . . , H q are given in general position in P N (C), along with q positive integers m 1 , . . . , m q (some of them may be ∞). If
then there does not exist a non-constant holomorphic mapping f : C → P N (C) such that f intersects H j with multiplicity at least m j (j = 1, . . . , q).
Related to Theorem 2.13, Tu and Li proved the following normality criterion for a family of meromorphic mappings of a domain D ⊆ C n into P N (C) concerning moving hyperplanes, which states that Theorem 2.14 ( [35] ). Let F be a family of holomorphic mappings of a domain D in C n into P N (C). Let H 1 , . . . , H q be q(≥ 2N + 1) moving hyperplanes in P N (C) located in pointwise general position such that each f in F intersects H j on D with multiplicity at least m j (j = 1, . . . , q) , where m j ' are fixed positive integers (may be ∞), with
The work on normality and shared hypersurfaces in several variable was studied recently by Hang and Tan [9] . They came up with the following criterion of meromorphically normal family concerning shared hypersurfaces.
Theorem 2.15 ([9]
). Let X ⊂ P N (C) be a projective variety. Let Q 1 , . . . , Q 2t+1 be moving hypersurfaces in P N (C) in t-subgeneral position with respect to X. Let F be a family of meromorphic mappings of a domain D ⊂ C m into X, such that Q j (f ) ≡ 0, for all j ∈ {1, . . . , 2t + 1} and f ∈ F . Assume that
Then F is a meromorphically normal family on D.
Now the question arises whether the second condition is redundant in Theorem 2.15. In this section, we show that after removing condition (2) of Theorem 2.15, family F becomes a quasi-normal family. We state our result as follows:
, for all f, g in F and for all 1 ≤ j ≤ q. Then F is a quasi-normal family.
The following example shows that the condition on q can not be relaxed.
Example 2.17. Let f n (z) = (1 : e nz ) be defined on ∆ ⊂ C into P 1 (C). Since hypersurfaces in P 1 (C) are points of Riemann sphere, take 0, ∞ in Riemann sphere. It is easy to see that each pair f n , f m shares 0, ∞. But {f n } is not quasi-normal on D.
For proving Theorem 2.16, we need following results:
Then f is actually a holomorphic mapping from domain D into P N (C).
Lemma 2.19 ([23]
). Let X ⊂ P N (C) be an irreducible subvariety and let H i , 1 ≤ i ≤ l be distinct hypersurfaces cuts of X that are in general position as hypersurfaces of X. If l > 2 dimX, then X \ ∪ l i=1 H i is complete hyperbolic and hyperbolically imbedded into X. Now we are ready to prove Theorem 2.16.
Proof of Theorem 2.16. Let Q j be the defining polynomial of H j . We may assume that Q j have the same degree d. Set
Assume that
where a jI ∈ H D for all I ∈ T D , 1 ≤ j ≤ q. Let T = (. . . , t kI , . . .) (k ∈ {1, . . . , q}, I ∈ T d ) be a family of variables. Set
For each subset L ⊂ {1, . . . , q} with cardinality
Also by assumption, for each j ∈ {1, . . . , q} the set A j := f −1 (Q j ) does not depend on the mapping f ∈ F . Set i (Q j ) ∩ U z 0 = ∅, for all i ≥ i 0 and j ∈ {1, . . . q}. By using Lemma 2.18, {f i } is a sequence of holomorphic mappings of U z 0 into P N (C). Now we prove that {f k | Uz 0 } is a normal family in U z 0 . Then by Theorem 2.8, there exist a subsequence of {f k | Uz 0 } (which we again denote {f k | Uz 0 } after renumbering) and p 0 ∈ U z 0 , {p k } ⊂ U z 0 with p k → p o , {ρ j } ⊂ R with ρ j > 0 and ρ j → 0 such that the sequence of holomorphic maps g k (ξ) := f k (p k + ρ k ξ) converges uniformly on compact subsets of C n to a non-constant holomorphic map g : C n → P N (C). Then there exist reduced representationg k = (g k 0 , . . . , gk N ) of g k (ξ) and a representationg = (g 0 , . . . , g N ) of g such thatg k →g converges uniformly on compact subsets of C n . This implies that Q j (p k + ρ j ξ)(g k (ξ)) converges uniformly on compact subsets of C n to Q j (p 0 )(g(ξ)). By (2.1) and Hurwitz's theorem, for each j ∈ {1, . . . , q}
Denote by J, the set of all j ∈ {1, . . . , q} such that g(
. Since p 0 ∈ U z 0 this means p 0 ∈ A so the resultantR = 0 and hence {Q j (p 0 )} are in general position in P N (C) for j ∈ {1, . . . , q},. This implies {Q j (p 0 ) ∩ Z} j / ∈J are in general position in Z. Furthermore, |({1, . . . , q}) \ J| ≥ 2 dimZ + 1, since q ≥ 2N + 1. Thus by Lemma 2.19, we have Z \ ∪ j / ∈J Q j (p 0 ) is hyperbolic hence g is constant. This is a contradiction.
Hence {f k | Uz 0 } is a normal family on U z 0 . Now, by the usual diagonal argument, we can find a subsequence {f k i } so as to converge uniformly on compact subsets of D \ E to a holomorphic mapping of D \ E into P N (C) and hence {f k i } is a quasi-regular sequence on D.
Now we discuss a strengthened version of Theorem 2.16 for a family of holomorphic mappings of a domain D ⊂ C into P N (C). First we fix some notations. Again we follow [5] .
• Let P 0 , . . . , P N be homogeneous polynomials of common degree in C[w 0 , . . . , w N ]. Let us denote the set of all homogeneous polynomials Q =
• Let T 0 , . . . , T N be hypersurfaces in P N (C) of common degree, where T i is defined by the (not zero) polynomial P i (0 ≤ i ≤ N). Let us denote the set of all hypersurfaces in P N (C) which are defined by Q ∈ S {P i } N i=0 with Q not zero bỹ
• Let P 0 , . . . , P N be N + 1 homogeneous polynomials of common degree iñ
the set of all homogeneous not identically
• Let T 0 , . . . , T N be moving hypersurfaces i P N (C) of common degree, where T i is defined by the (not identically zero) polynomial
the set of all moving hypersurfaces in P N (C) which are defined by
. Recently in 2014, Yang el al. [37] proved a normality criterion for a family of holomorphic mappings into the complex projective space concerning shared hyperplanes. They state their result as follows.
Theorem 2.20 ([37]
). Let F be a family of holomorphic mappings of a domain D into P N (C). Let H 1 , . . . , H q be q(≥ 2N + 1) hyperplanes in P N (C) located in general position. Suppose that for each f, g ∈ F , f and g share H j on D, for j = 1, . . . , q. Then F is normal in D.
We are interested in a normality criterion where hypersurfaces would be shared instead of hyperplanes. We state our result as follows. such that the following conditions are satisfied:
(1) For each 0 ≤ i ≤ N, the coefficients of the homogeneous polynomial P i which define the T i are bounded above uniformly on compact subsets of D, and for all 1 ≤ j ≤ q, the coefficients b ij of the linear combination of the P i , i = 0, . . . , N which define the homogeneous polynomial Q j which define the H j are bounded above uniformly on compact subsets of D and for any fixed z ∈ D
(2) For each f, g ∈ F f and g share H j . Then F is normal on D.
We need some lemmas to prove Theorem 2.21. Then there does not exist a non-constant holomorphic mapping
such that f intersects Q j with multiplicity at least m j (1 ≤ j ≤ q).
Lemma 2.23 ([37]
). Let f ∈ Hol (C, P N (C)), and H 1 , . . . , H 2N +1 be hyperplanes in P N (C) located in general position. If for each hyperplane H j , j = 1, . . . , 2N + 1, either f (C) ⊂ H j or f (z), H j has finite zeros in C, then the map f is rational. 
Lemma 2.25. Let P 0 , . . . , P N be N + 1 homogeneous polynomials of common degree in
Let f ∈ Hol (C, P N (C)) andf = (f 0 : . . . : f N ) be a reduced representation of f . If for each Q j either f (C) ⊂ Q j or f (z), Q j has finite zeros in C, then the map f is rational.
Proof. Suppose f : C → P N (C) be holomorphic mapping such that either f (C) ⊂ Q j or f (z), Q j has finite zeros in C. For each 1 ≤ i ≤ q, we define . This is same as the hyperplanes {H j } q j=1 are located in general position in P N (C). Since f (C) ⊂ Q j or Q j (f ) has finite zeros in C and
, H j has finite zeros in C. Then by Lemma 2.23, F is a rational map. This means that each P j (f ) (j = 0, . . . , N) is a polynomial, hence f is a rational map.
Lemma 2.26. Let P 0 , . . . , P N be N + 1 homogeneous polynomials of common degree in
for each ν ∈ {k + 1, . . . , q}, f , Q ν has finite zeros in C. Then, f is constant.
Proof. By Lemma 2.25, f is rational. This means thatf = (f 0 : . . . , f N ), where f i (i = 0, . . . , N) are polynomials. Let
Then f , Q j is a polynomial function. Since for any µ ∈ {1, . . . , k}, either f , Q µ ≡ 0 or f, Q µ = 0, there exist some constant c µ such that f , Q µ ≡ c µ , (µ = 1, . . . , k).
Suppose that the hypersurfaces Q µ are given by 
implies that f 0 , . . . , f N must be constant. Hence we obtain that f is a constant map.
Now we are ready to prove Theorem 2.21.
Proof of Theorem 2.21. Let P i be the homogeneous polynomial which defines T i and H j be defined by the homogeneous polynomial Q j = N i=0 b ij P i , (j = 1, . . . , q). We identify H j by Q j . Also for any fixed z = z 0 ∈ D D(Q 1 , . . . , Q q )(z) > 0, which means the moving hypersurfaces Q 1 , . . . , Q q are in general position. Now fix f ∈ F . Suppose that F is not normal at z = z 0 . Suppose there are k hypersurfaces Q jl , l = 1, . . . , k such that
are in general position. Also we can obtain a neighborhood
f (U) ∩ Q µ = {f (z 0 )}, and for ν ∈ {k + 1, . . . , q} = I 3 , f (U) ∩ Q ν = ∅. Since normality is a local property, we may assume that U(z 0 ) is the unit disc ∆. Then by Theorem 2.9, there exist sequence of points {z n } → z 0 ∈ D, sequence of positive numbers {ρ n } → 0 and sequence of functions {f n } ⊂ F such that g n (ξ) = f n (z n + ρ n ξ), ξ ∈ C converges uniformly on compact subsets of C to a non-constant holomorphic mapping g of C into p N (C). Now we claim that for each hypersurface Q j , either g(C) ⊂ Q j or g(ξ), Q j (j = 1, . . . , q) has finite zeros in C. The definition of I 1 and I 3 together with Hurwitz's theorem, gives for each j ∈ I 1 ∪ I 3 , g(C) ⊂ Q j or g(ξ), Q j = 0, hence the claim holds. Now for each j ∈ I 2 , we have g(ξ), Q j ≡ 0. Let ξ 0 be one of the zeros of g(ξ), Q j , then there exists a real number δ such that g(ξ), Q j is holomorphic in |ξ − ξ 0 | < δ and ξ 0 is the only zero of g(ξ), Q j in |ξ − ξ 0 | < δ. By Hurwitz's theorem, there exists a sequence of points {ξ n } → ξ 0 such that for large n g n (ξ n ), Q j = f n (z n + ρ n ξ n ), Q j = 0.
By the hypothesis that for each pair i, k in N f i and f k share Q j , we have for any positive integer m,
Fixing m, taking n → ∞ and noting that z n + ρ n ξ n → z 0 , then
Since f m (z), Q j ≡ 0, the zeros of f m (z), Q j are isolate. Combining this with (2.2) and (2.3) gives z n + ρ n ξ n = z 0 .
Therefore, the function g(ξ), Q j has only one zero. So the claim is proven.
Since we have that
we have in particular that
Thus by Lemma 2.26, the map g is constant, which is a contradiction. Hence F is normal.
D-property and Normality
In 2005, Mai et al. [15] introduced the following notion of D-property. has the D-property if every f ∈ Hol (C, M) such that f intersects H i with multiplicity at least m i is constant. In this section, we discuss a normality criterion concerning D-property. We state our result as follows. where a iI ∈ H D for all I ∈ T D , 1 ≤ i ≤ q. Without loss of generality, we may assume that D is a polydisc in C n . Suppose that F is not normal on D then by Theorem 2.7, there exist a subsequence {f k } ⊂ F and p 0 ∈ D, {p k } ⊂ D with p k → p 0 , {ρ k } → 0 + and ζ k ∈ C n such that the sequence of holomorphic maps
converges uniformly on compact subsets of C to a holomorphic map g : C → P N (C). For any fixed ξ 0 ∈ C, there exists a k 0 such that for k ≥ k 0 each g k has a reduced representationg k = (g k 0 , . . . , g k N ). Also g has a reduced representationg = (g 0 , . . . , g N ) such that {g k i } converges compactly to g k . This implies that Q i (p k +ρ k ξ)(g k (ξ)) converges compactly to Q i (p 0 )(g(ξ)). And by Hurwitz's theorem, either Q i (p 0 )(g(ξ)) ≡ 0 or there exists a positive integer M such that Q i (p k + ρ k ξ)(g k (ξ)) and Q i (p 0 )(g(ξ)) have the same number of zeros counted according to their multiplicities. In each case g intersects H i with multiplicity at least m i and by the definition of D-property, g must be a constant mapping of C into P N (C), which is a contradiction.
